This paper considers the problem of stabilizing attitude dynamics with an unknown constant delay in feedback. It is assumed that a strict upper bound of the delay is known. A novel modification to the concept of the complete type Lyapunov-Krasovskii (L-K) functional ensures robustness to time-delay in the control design. The governing dynamics is partitioned to form a nominal system with a perturbation term. Frequency domain analysis is employed in order to construct necessary and sufficient stability conditions for the nominal system. Consequently, a complete type L-K functional is constructed. As an intermediate step, an analytical solution for the underlying Lyapunov matrix is obtained. The perturbation term is defined such that it is a function of the state at current time alone, which allows simplifications to be made in the L-K functional construction. Departing from previous approaches, where parameter values are arbitrarily chosen to satisfy the sufficient conditions obtained from robustness analysis, a systematic numerical optimization process is used to choose control parameters so that the region of attraction is maximized. The estimate of the region of attraction is directly related to the initial angular velocity norm and the closed-loop system is shown to be stable for a large set of initial attitude orientations. This is to our best knowledge the first result that provides stable closed-loop control design for the attitude dynamics problem with an unknown delay in feedback. Moreover, the results obtained are found to be tighter compared to some other sufficient condition based results documented existing in literature that assume perfect knowledge of the delay.
I. Introduction
The problem of rigid body attitude dynamics and control has been studied extensively over the last few decades, due to its significance with respect to a wide range of applications, ranging from rigid aircraft and spacecraft systems to coordinated robot manipulators. 7 For example, rigid spacecraft applications, in particular, require highly accurate pointing maneuvers. These performance requirements necessitate the spacecraft model to be essentially nonlinear, so that large amplitude angle orientations are accurately stabilized. Several results exist on feedback with attitude dynamics tackling various aspects of the attitude control problem. For instance, it is well known that linear feedback of the states stabilizes the dynamics. 7 The problem of stabilization of attitude dynamics when feedback is time-delayed is practically motivated and challenging to solve. Time delay would arise in feedback due to communication delays and/or processing delays. As a result, the underlying dynamics does not contain a time delay by itself, but is subjected to one in the closed-loop, since current information of states is not available for feedback. Various classical feedback linearization and/or Lyapunov based control design techniques cannot be employed since the feedback does not contain current values of states. This leads to analyzing the problem from a time delay system (TDS) framework. To our best knowledge, there is just one result on the attitude control problem with time-delay in feedback. Recently, Ref. [13] has proposed a velocity-independent time-delay controller for regulating the attitude orientation of a rigid body. The control design involves filter construction to avoid velocity measurement. Sufficient conditions for exponential stability of the system inside a region of attraction, whose estimate is calculated, are presented. The estimate is an upper-bound on the norm of an augmented state vector consisting of the Rodrigues Parameters, which represent the attitude orientation, the angular velocity and the angular velocity filter. However, the control design requires the delay to be known precisely, which is a restrictive condition. Moreover, the estimate of the region of attraction was found to be quite conservative. Our paper relaxes the restriction requiring precise knowledge of time-delay and also obtains less conservative estimates of the region of attraction.
Stability analysis of nonlinear time-delay systems presents a lot more challenges when compared to that of nonlinear systems without delay in general. The problem difficulty depends considerably on the nature of delay present in the system. A further layer of difficulty is when the delay itself is unknown. Moreover, stability analysis of systems with time-varying delay is more complicated and not as straight forward as that of systems with constant time delay. Lyapunov based stability methods, which have proven to be a popular tool for control design in nonlinear systems has been extended to TDS. Krasovskii proposed the idea of a Lyapunov functional
, also called a Lyapunov-Krasovskii (L-K) functional, as opposed to a Lyapunov function V (t, x) in order to obtain sufficient conditions for stability of certain classes of TDS. The problem of constructing a L-K functional for any given TDS is comparatively more difficult than constructing a Lyapunov function for its delay free counterpart, as will be shown in later sections of this paper. Moreover, there is no constructive method to formulate a L-K functional for a particular TDS. Classical L-K methods cannot be applied to systems which are unstable in the absence of delayed terms, i.e. the delayed term is treated as a "perturbation" causing instability to the delay-free "nominal system". As a result, the problem of L-K functional construction in general, has generated considerable interest in TDS research.
During the last few years, Kharitonov and Zhabko 15 proposed a constructive method to formulate a complete type (i.e. completely quadratic) L-K functional for any given TDS which was known to be exponentially stable. Further, this complete type L-K functional was employed for robust stability analysis for bounded perturbations to the the exponentially stable nominal system, and estimates on how large the drift term could be were obtained. Niculescu further elaborated this idea as a method to achieve regional stabilization, when the perturbation could be nonlinear and bounded by a linear growth and also extended the analysis to systems with time-varying delay. 16 An important distinction in the construction of the complete type L-K functional is that no assumptions are imposed on the system in the absence of delayed terms. For example, consider the scalar integratorẋ(t) = u(t − τ ) with delayed feedback u(t − τ ) = −bx(t − τ ). It is well known in literature, 6 that this scalar integrator with delayed feedback is exponentially stable if and only if 0 < b < π/2τ . Assuming that this condition is met, a complete-type L-K functional can be constructed for this system and used for robustness analysis, when a drift term f (x(t), x(t − τ )) present as inẋ(t) = f (x(t), x(t − τ )) + u(t − τ ). 16 The complete type L-K functional has since been applied to a biological problem. 18 However, the estimate on the region of attraction obtained was found to be somewhat conservative. 18 Further, the analysis has been extended to construct a complete-type L-K functional which had a cross term in the time derivative.
17 This generalization reduced the conservatism of the estimate. A notable requirement for this technique in calculating an estimate for the region of attraction of the given system is precise knowledge of the time-delay, which can be restrictive. This paper considers regionally stabilizing attitude dynamics with unknown constant delay in the feedback. A strict upper bound on the time-delay is known. We propose a novel modification to the concept of the complete type Lyapunov-Krasovskii (L-K) functional. This modification is made in order to include robustness to time-delay in the control design. Modified Rodrigues Parameters (MRPs) are employed to represent the attitude orientation, a choice that is crucial to the development stated in this paper. The dynamics is separated into the form of a nominal dynamics with a perturbation or drift term. This separation of the dynamics enables us to employ the modified theory of complete-type L-K functional for robust stability analysis with respect to the perturbed dynamics and time-delay. The nominal system is linear in the form of 3 blocks of double integrators. After finding the range of gain values for which the nominal (linear) system is exponentially stable by using frequency sweeping, a complete type L-K functional is constructed. As an intermediate step, an analytical solution for the Lyapunov matrix is obtained by applying Kronecker algebra 14 to the governing matrix differential equations and boundary conditions. The perturbation term obtained is such that it is a function of the current value of the states alone, which allows simplifications to be made in the L-K functional construction. Departing from previous approaches, where parameter values are arbitrarily chosen to satisfy the sufficient conditions, numerical optimization is employed in order to choose parameters such that the region of attraction is maximized. In order to realistically simulate the time-delay system, the initial condition trajectory is generated by propagating the attitude dynamics equations without control action. The initial angular velocity norm obtained is directly related to the size of the estimate of the region of attraction. The closed-loop system is stable for a large specified set of initial attitude orientations. Analysis ensures that the states do not leave the estimate of the region of attraction during the initial condition time interval. Simulations demonstrate the validity of the approach. This is to our best knowledge the first result that provides stable closed-loop control design for the attitude dynamics problem with an unknown constant delay in feedback.
The rest of the paper is organized as follows: Section II formulates the attitude control problem with delay in feedback. A brief introduction to the theory of complete-type L-K functionals is presented in Section III. The problem of regional stabilization of attitude dynamics is addressed in Section IV. Section V describes simulation examples of the proposed control strategy, whereas the summary and discussion is presented in Section VI.
The following notation will be employed through the remainder of the paper. The vector norm . used in Section III can be any valid vector norm, whereas, in Section IV, we use the vector 2-norm, i.e. . = . 2 . σ ∈ R 3 denotes the MRP vector. ω ∈ R 3 denotes the angular velocity vector. For any symmetric positivedefinite matrix Q ∈ R n×n , we have Q m and Q M to be the smallest and largest eigenvalues of Q respectively. For any state vector x(t) ∈ R n , we denote its time-delayed value byx or x(t − τ ), where τ > 0 is the time-delay. The subscript 'd' is used in representing the nominal system dynamics.
II. System Dynamics and Problem Statement
We consider the problem of attitude dynamics with delay in feedback with MRP representation for the attitude kinematicsσ
where
is the inertia matrix and B(σ) is defined as
and the skew symmetric matrix ω(t)
The MRP vector is defined as σ =ê tan(Φ/4) (5) whereê is the unit vector along the principal axis and Φ is the principal angle. The MRP vector σ(t) is nonsingular for all principal axis rotations up to ±360 • . [9] [10] [11] If σ(t) → 0, then the orientation has returned back to the origin. It is shown in Refs. [10] and [11] that the singularity at ±360
• can be avoided by mapping the original MRP vector to its corresponding shadow counterpart σ s through
where σ 2 = σ T σ. By choosing to switch the MRPs whenever σ 2 = 1, the MRP vector remains bounded within the unit sphere. However, switching of the MRPs leads to discontinuous kinematics as in Eq. (1), thereby complicating the discussion of existence and uniqueness of solutions. In the problem under consideration, we currently restrict the MRP vector to all rotations represented by σ 2 < 1 to avoid switching. Initial condition trajectories for Eqs. (1)- (2) are generated by propagated the same dynamics without control action over the
= ω(−τ ) are chosen to initialize this propagation such that they lie within the region of attraction and moreover, so that state trajectories do not escape from this estimate during the control-free propagation.
It is assumed that delayed state measurements alone are available for feedback purposes. Eq. (2) shows the that feedback contains state information at time instant t − τ , where τ ∈ [0, τ m ) is the time delay present in the feedback and is assumed to be an unknown constant. We assume perfect knowledge of τ m , which is a strict upper bound on the feedback time-delay. In the absence of delay (i.e. with τ = 0) , it is well documented that linear feedback of states u(t) = −K 1 σ(t)−K 2 ω(t), with K 1 and K 2 being arbitrary positive scalar constants, stabilizes the dynamics (1)- (2) . 10 However, if delay is present and not accounted for in the input, the result is increased closed loop oscillations and even instability. 13 The control objective is to achieve stabilization of the states, i.e. to ensure that σ(t) → 0 and ω(t) → 0 in the presence of unknown constant delay in feedback through a complete-type L-K approach.
III. Complete type Lyapunov-Krasovskii functionals
It is well known that there is considerable difficulty in constructing a L-K functional for stability analysis of any given system. In order to circumvent this obstacle, Kharitonov and his co-workers formulated a completely quadratic L-K functional for any linear time-delay system which was known to be exponentially stable. 15 The functional was used for robust stability analysis of a perturbed system and, based on the type of perturbation term, regional stabilization conditions were obtained. 16 The technique is an extension of robustness analysis using the Lyapunov equation for delay-free systems. However, the actual time-delay is assumed to be known, which can be a restrictive condition. We aim to modify the concept in order to include robustness to time-delay as well, while still preserving the original features of the complete type L-K approach. Consider the following linear time-invariant time-delay systeṁ
where x(t) ∈ R n and A 0 , A 1 are real-valued n × n matrices. In order to define a particular solution for (7), we need an initial condition, i.e., a vector function
. Assume that A 0 and A 1 are such that Eq. (7) is exponentially stable. This means that ∃ µ > 0 and α > 0 such that
In order to construct a complete-type L-K functional, we start with the observation that given symmetric positive-definite matrices
then the first time derivative of the functional
is given by
If Eq. (7) is exponentially stable, ∃ V 0 (t, x t ) such that
V (x t ) is called the complete type L-K functional associated with Eq. (7) and is of the form
where U (θ) is called the Lyapunov matrix 15 and is defined as
is the unique matrix function that satisfieṡ
The Lyapunov matrix U (θ) satisfies the second order ODE
subjected the mixed boundary conditions
Also, if follows from Eqs. (15)-(19) that the Lyapunov matrix U (θ) is symmetric at θ = 0
Eq. (17) together with boundary conditions (18)-(19) and the symmetry property (20) will be employed in the Section IV in order to find an analytical solution for the Lyapunov matrix associated with the nominal system chosen to represent the attitude dynamics. The complete type L-K functional formulated in Eq. (14) is employed to calculate an estimate for the region of attraction for the nonlinear time-delay systeṁ
where f (x(t), x(t − τ )) satisfies a Lipschitz condition in a certain vicinity of the origin
where γ is a positive constant. In addition the drift term satisfies
The following theorem is extends Ref. [16] in order to include robustness to unknown time-delay. 
and
Proof. The derivative of Eq. (14) along the trajectories of the nonlinear system (21) is
where −w(x t ) is the derivative of the functional along the trajectories of the nominal system Eq. (7). From the Lipschitz condition, we have
It is easy to see that the following inequality holds
It then follows that
Considering this inequality in the first time derivative of the complete type L-K functional V (x t ), we arrive at the following inequality
If γ satisfies Eq. (24), thenV (x t ) is negative definite for all trajectories inside the set determined by Eq. (22), and consequently, the trivial solution x(t) = 0 of the nonlinear system (21) is asymptotically stable for all τ ∈ [0, τ m ).
Note that due to the modifications made, calculating the size of the estimate of region of attraction γ does not require of the actual time-delay τ .
IV. Application to Attitude Dynamics
In this section, we apply the complete-type L-K functional methodology to the attitude control problem with delayed feedback. We express the attitude dynamics as a nominal (linear) system with a perturbation term. The linear system consists of 3 blocks of double integrators and the perturbation term is a function of the state at current time alone.
A. Nominal system
The nominal system for applying this method to attitude dynamics is taken to be a block of 3 double integrators. We can rewrite the attitude dynamics from Eqs. (1)-(2) aṡ
whereū . = u(t − τ ). Adding and subtracting ω/4 to the attitude kinematics enables the perturbation term to satisfy the Lipschitz condition (22). We write the nominal system aṡ
where the subscript d represents the state belonging to the nominal system. Employing the state transformation q = ω/4 and choosing the controlū(
n and K 2 = 2ξω n (ω n , ξ representing the natural frequency and the damping coefficient respectively), leads to the nominal system being a block of 3 double integrators. We employ frequency analysis in order to determine the range of parameter values for which the nominal system is stable. Consider the double integrator with delayed feedback:ẋ
The stability of the above system is completely determined by its characteristic equation:
Specifically, the system is exponentially stable if and only if the characteristic equation has no zero, or root, in the closed right half plane, i.e., there is no s i in the closed right half plane for which the above equation is satisfied. Since the characteristic equation is continuous with respect to the delay, if the system is stable for a delay τ k , it will be stable in the neighborhood of τ k . In our double integrator problem, τ k can be chosen to be 0. In order to determine the maximum value of delay the system can tolerate for given gains K 1 and K 2 , it suffices to determine the critical values of the delay for which the roots of the characteristic equation move from the open left half plane to the imaginary axis, thus rendering the system unstable. 5 Thus, we wish to find the smallest deviation of the delay from 0, say τ m , such that the characteristic equation has imaginary roots, i.e.
where j = √ −1. This leads to
Separating the real and imaginary parts leads to
With some algebraic manipulations, an analytical solution for τ m for a given
is obtained as
Eq. (34) enables us to obtain a maximum delay τ m for given ξ and ω. Eq. (34) is a necessary and sufficient condition, i.e., the system is critically stable τ = τ m and unstable for τ > τ m . In another context, for a given τ m , we can calculate a set of values that ξ and ω n can take so that the system is exponentially stable. For example, figure 1 shows the ω n vs ξ curve for τ m = 0.2, 0.5, 1 s. For stability analysis of the actual system, we enforce the region of attraction condition on the states by obtaining γ from Eq. (24)
The analysis to obtain γ does not require knowledge of the structure of the perturbation term added to the nominal system (29-30), since it involves parameters associated with the nominal system and the Lyapunov matrix ODE only. Note that the condition in Eq. (35) 
B. Analytical solution to Lyapunov matrix ODE
We apply kronecker algebra to the second order linear matrix ODE represented by Eq. (17) in order to obtain an analytical solution to the Lyapunov matrix U (θ). The ODE can be written as a linear cascade system for the attitude dynamics nominal system with U 1 . = U and U 2 . = U as
The mixed boundary condition in Eq. (19) can be written as
T . We can rewrite Eqs. (37-38) as
We define the transformation v(X) for any X ∈ R m×n as
where x ij , i = 1, . . . , m, j = 1, . . . , n are the elements of X. From the property of Kronecker products, 14 we have
The nominal system (29-30) is stable for the range of gain values determined by Eq. (34) and therefore admits a unique solution for the Lyapunov matrix. 15 The general solution for Eq. (44) can be written as
In order to find the particular solution, we need to solve the boundary conditions (39-40). Taking the vector transformation, we have
where E is the permutation matrix, 15 which enables us to find the vector transformation for a transposed matrix
T , U 1 (τ ) can be expressed in terms of U 1 (0) and U 2 (0) by substituting θ = τ in Eq. (45).
As a result of the substitution, Eqs. (46-47) have 8 unknowns, namely the elements of U 1 (0) and U 2 (0), one of which are eliminated since U 1 (0) = U (0) is symmetric from Eq. (20). One of the equations is also eliminated since U 2 (0) + U T 2 (0) and W are both symmetric. This leads to 7 equations with 7 unknowns, which can be solved for. Since A 0 , A 1 are such that the nominal system is exponentially stable, the differential equation for the Lyapunov matrix U (θ) admits a unique solution for θ ≥ 0. The analytical solution for the Lyapunov matrix will be employed in order to obtain a supremum for U (θ) over the interval θ ∈ [0, τ m ], to be used in the formula for γ in Eq. (24).
C. Analysis over torque-free interval
In order to realistically simulate the system, we require that there be no control over the initial condition time interval, i.e. t ∈ [ −τ, 0 ]. It is highly important to ensure that during this time evolution, the states do not escape from the domain of attraction. This situation is tackled by calculating upper bound on the states during this interval. Rewriting the system dynamics (1-2) with no control,
We calculate an upper bound for the angular velocity norm by employing the following positive-definite scalar function V ω = ω T Jω. The time-derivative over the trajectory is zero. Hence,
This leads to an lower-bound for the ω(t) over the initial condition interval as
An upper-bound for σ(t) over the initial condition interval is calculated in Appendix A to be
D. Perturbed system and Regional stabilization
In order to stabilize the actual system, we formulate the Lipschitz-like condition (See Eq. 22) for the perturbation term. We rewrite the attitude dynamics with delayed feedback aṡ
The perturbation term is written as
For the following derivation, we employ the induced 2-norm, i.e. . = . 2 . We upper bound the perturbation term as
Let q ≤ ρ ∀t. This leads to
We have
The angular dynamics perturbation term is upper bounded as
We wish to enforce the Lipschitz-like condition for the perturbation term F (σ, q) as
In order to satisfy the above condition, in accordance with Eq. (55), we enforce the following condition on
Substituting for σ from Eq. (49) in Eq. (58),
This leads to an upper bound for σ 0 as
Since t ∈ [−τ, 0], and τ < τ m , the above inequality can be replaced by
Eq. (61) represents an upper-bound on σ 0 . This upper-bound is dependent on Λ, ω and τ m and is valid only if the following upper-bound on ω 0 holds
If (62) holds, (61) can be upper-bounded by
From definition, Λ ≥ 1. The quantity 8Λ 2 − 1 is atleast 7. This corresponds to a maximum permissable principal rotation angle, Φ, of ±327.47
• . In addition we impose σ 2 < 1 in order to ensure the MRPs do not pass through a singularity. Comparing Eq. (57) with Eq. (22), we obtain the regional stabilization condition for the angular velocity norm ( ω ≤ 4ρ) as
Eq. (64) along with (48) leads to an upper bound on the angular velocity norm initial condition ω 0 as
where γ is obtained using the numerical optimization process. Comparing (62) and (65) leads to
Considering (66), the second term was found to be typically much greater than the first term. The norm of initial condition on the angular velocity ω 0 is directly related to the size of the estimate of the region of attraction γ. The closed-loop nonlinear system is stable for all MRP initial conditions σ 0 shown in (61). Eqs. (61) and (66) 
V. Results
We implement the control design proposed in the previous section for the attitude dynamics problem with delay in feedback. In order to generate realistic trajectories over the initial condition interval, The attitude dynamics is simulated torque-free with initial conditions σ 0 , ω 0 over the delay interval [−τ, 0], which serves as the initial trajectory for the delay problem. J is chosen to be T . σ 0 is 10.0254, which satisfies the upper-bound 11.295 obtained from (61). This value corresponds to a principal rotation angle of ±337.2151
• . Figure 3 shows the trajectories of the state norms as a result of the implementation with feedback gains obtained in Section IV A as ξ = 0.9112 and ω n = 0.4774. The insets in figure 3 show the σ(t) , 10 ω(t) (in order to emphasize their time-varying nature) over the time interval −0.9 = −τ ≤ t ≤ 0. As is observed, the state trajectories converge to the origin. Figure 4 shows the control history for the same simulation. Comparing our results with those from Ref. [13] , the size of the estimate for the region of attraction for a time-delay (which is known) of 0.0125 seconds is 0.0018. This value is an upper-bound on the norm an augmented state vector containing the Rodrigues parameters, angular velocity and the angular velocity filter. The size of the region of attraction considered in our work for a strict upper-bound on the time-delay of 1 second is considerably less conservative in comparison to the aforementioned result for a known time-delay of 0.0125 seconds. 13 In passing, we note that the estimate obtained using our approach is still potentially conservative. However, numerical simulations carried out for a time delay τ = 1.4 s, which is greater than τ m = 1 s, resulted in the system being unstable. Figure 5 shows the first 80 seconds of the simulation. 
VI. Conclusion
We have obtained a regional stabilization result for the attitude dynamics problem with unknown constant delay in the feedback. To our knowledge, this is the first result on the problem of attitude stabilization with an unknown delay in feedback. The concept of complete type L-K functional is successfully extended in order to include robustness to unknown time-delay. Numerical optimization is employed in order to choose the parameters which maximize the region of attraction estimate. As an improvement over the existing technique in literature, an analytical solution is obtained for the Lyapunov matrix by employing Kronecker algebra. Further, analysis is carried out over the initial condition interval in order to ensure that the states do not escape from the region of attraction estimate. The initial angular velocity norm is found to be directly related to the size of the estimate of the region of attraction and the closed-loop system is stable for a large set of initial attitude orientations. Finally, extensions of the method to the time varying delay problem can be pursued in the future.
Appendix A: Analysis over torque-free interval
We present the derivation for calculating upper bounds on σ 0 , ω 0 over the initial condition interval. In order to calculate an upper-bound for σ , we employ the positive definite scalar function V σ = 2 log(1 + σ T σ). 12 The time derivative of V σ along the state trajectories is calculated to bė
wherein we use the substitution σ 2 = e V σ /2 − 1 and 2σσ = e V σ /2V σ /2, and substituting again forV σ we now have
Integrating both sides from −τ to t ∈ [−τ, 0] and using the comparison principle lemma 4 leads to
Note that (71) is satisfied if the following holds
Thus, (72) represents an upper-bound for σ(t) over the interval t ∈ [−τ, 0].
